
• Atomic nuclei have spin 𝑰𝑰 and magnetic 
dipole moment 𝝁𝝁 = 𝛾𝛾 𝑰𝑰

• 1H, 13C, 15N have spin ½ - good for NMR!

• Nuclei (with spin ½) have two states (up 
and down) in a magnetic field

• The energy difference between the states 
is ∆𝐸𝐸 = 𝛾𝛾 ℏ 𝐵𝐵, which corresponds to 
frequency of electromagnetic radiation 
𝜔𝜔 = 𝛾𝛾𝐵𝐵 (𝜈𝜈 = 𝛾𝛾𝛾𝛾

2𝜋𝜋
) (Larmor frequency)

• The populations of the two states differs 
slightly ∴ the bulk sample has a magnetic 
dipolar moment along z (aligned with 𝑩𝑩)
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• The magnetic field at the nucleus differs from the external 
magnetic field due to the movement of electrons around the 
nucleus ∴ different nuclei in a molecule have slightly different 
Larmor frequencies

𝜈𝜈 [𝐻𝐻𝐻𝐻]
𝛿𝛿 [𝑝𝑝𝑝𝑝𝑝𝑝]

Reference:
500.1300000 MHz500.1306885 MHz

688.5 Hz
1.3766 ppm

0 Hz
0 ppm

𝛿𝛿 =
500.1306885 − 500.1300000

500.130000
∗ 106 = 1.3766 𝑝𝑝𝑝𝑝𝑝𝑝

• Chemical shift (does not depend on external magnetic field!):



• J-coupling (scalar coupling) = interaction between nuclear spins 
mediated by electrons that form the bond(s) between the 
nuclei

• Energy of spin I in the presence of J-coupling to spin S:

𝑝𝑝𝐼𝐼= −
1
2

𝑝𝑝𝑆𝑆= −
1
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𝑝𝑝𝑆𝑆= +
1
2

𝑝𝑝𝐼𝐼= +
1
2

𝑝𝑝𝑆𝑆= +
1
2

𝑝𝑝𝑆𝑆= −
1
2

𝜈𝜈 [𝐻𝐻𝐻𝐻]
𝛿𝛿 [𝑝𝑝𝑝𝑝𝑝𝑝]

J [Hz]

• J-coupling constant [Hz] 
does not depend on 
external magnetic field 
(but the splitting in ppm 
units will!)



Cavanagh, J., Fairbrother, W.J., Palmer, A.G.III, Rance, M., Skelton, N.J. Protein NMR 
Spectroscopy: Principles and Practice, 2nd edition, 2007, Academic Press

- (upfield)+ (downfield)

H2O

NMR spectrum of ubiquitin  
(76 amino acid residues, MW=8,565 Da)
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Description and analysis of rotations (oscillations)
Rotation with angular velocity 𝝎𝝎:

x

y

𝝁𝝁

𝝎𝝎

𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝝎𝝎 × 𝝁𝝁 𝑡𝑡 = − 𝝁𝝁 𝑡𝑡 × 𝝎𝝎

𝜈𝜈: frequency in s-1=Hz
𝜔𝜔 = 2𝜋𝜋𝜈𝜈
angular velocity 
(angular frequency) in 
radians/s

b

a

a×b

Areaθ

https://www.mathsisfun.com/algebra/vectors-cross-product.html



Semi-classical model (Bloch equations)
Magnetic dipole 𝝁𝝁 experiences torque in magnetic field:

𝝁𝝁 𝑡𝑡 × 𝐁𝐁 =
𝑑𝑑𝑰𝑰 𝑡𝑡
𝑑𝑑𝑡𝑡

=
1
𝛾𝛾
𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

torque

𝝁𝝁 = 𝛾𝛾 𝑰𝑰

𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝝁𝝁 𝑡𝑡 × 𝛾𝛾𝐁𝐁 = −𝛾𝛾𝑩𝑩 × 𝝁𝝁(𝑡𝑡)
𝝎𝝎

𝝁𝝁(𝑡𝑡) rotates (precesses) with angular velocity  𝝎𝝎 = −𝛾𝛾𝑩𝑩
Larmor frequency
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z
𝑩𝑩𝟎𝟎 𝜔𝜔

x

y

z
𝑩𝑩𝟎𝟎 𝜔𝜔

Bulk 
magnetization: 
Rotation not 
observable

𝝁𝝁 𝑴𝑴

Note: 𝝎𝝎 = −𝛾𝛾𝑩𝑩 ∴ 𝝎𝝎 and 𝑩𝑩 have opposite direction for positive 𝛾𝛾
and the same direction for negative 𝛾𝛾.
In all the diagrams, I’ll draw them in the same direction.



Application of perpendicular (horizontal) magnetic field 
𝑩𝑩𝟏𝟏(𝑡𝑡) that oscillates with angular velocity 𝜔𝜔 = −𝛾𝛾𝐵𝐵:

𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= −𝛾𝛾(𝑩𝑩 + 𝑩𝑩𝟏𝟏 𝑡𝑡 ) × 𝝁𝝁(𝑡𝑡)

Switch to a coordinate frame that rotates with angular 
velocity 𝜔𝜔 = −𝛾𝛾𝐵𝐵: 

𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= −𝛾𝛾𝑩𝑩𝟏𝟏 × 𝝁𝝁(𝑡𝑡)

𝝁𝝁(𝑡𝑡) rotates with angular velocity 𝝎𝝎𝟏𝟏 = −𝛾𝛾𝑩𝑩1 around 𝑩𝑩1
in the rotating frame!
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z
𝑩𝑩𝟎𝟎

Rotating frame (angular velocity 𝝎𝝎 = −𝛾𝛾𝑩𝑩):

𝑩𝑩𝟏𝟏

𝜔𝜔1

𝑩𝑩𝟏𝟏 along x: 
Rotation in the y-z plane 
with angular velocity 𝝎𝝎𝟏𝟏
𝛼𝛼 = 𝜔𝜔1 𝑡𝑡

𝛼𝛼

x

y

z
𝑩𝑩𝟎𝟎

𝑩𝑩𝟏𝟏

𝜔𝜔1

90° pulse: 𝛼𝛼 = 𝜔𝜔1𝑡𝑡 =
𝜋𝜋
2

𝑀𝑀𝑧𝑧 = 𝑀𝑀0 → −𝑀𝑀𝑦𝑦 = 𝑀𝑀0

𝛼𝛼
𝑴𝑴 𝑴𝑴



Rotating frame (angular velocity 𝝎𝝎 = −𝛾𝛾𝑩𝑩):

x
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z
𝑩𝑩𝟎𝟎

𝑩𝑩𝟏𝟏

𝜔𝜔1

180° pulse: 𝛼𝛼 = 𝜔𝜔1𝑡𝑡 = 𝜋𝜋
𝑀𝑀𝑧𝑧 = 𝑀𝑀0 → −𝑀𝑀𝑧𝑧 = 𝑀𝑀0

𝛼𝛼
𝑴𝑴



Rotating frame (angular velocity 𝝎𝝎 = −𝛾𝛾𝑩𝑩):

x

y

z
𝑩𝑩𝟎𝟎

𝑩𝑩𝟏𝟏

𝜔𝜔1

𝛼𝛼

𝑩𝑩𝟏𝟏 along y: 
Rotation in the x-z plane 
with angular velocity 𝝎𝝎𝟏𝟏
𝛼𝛼 = 𝜔𝜔1 𝑡𝑡
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𝑩𝑩𝟎𝟎

𝑩𝑩𝟏𝟏

𝜔𝜔1

𝛼𝛼

90° pulse: 𝛼𝛼 = 𝜔𝜔1𝑡𝑡 =
𝜋𝜋
2

𝑀𝑀𝑧𝑧 = 𝑀𝑀0 → 𝑀𝑀𝑥𝑥 = 𝑀𝑀0

𝑴𝑴 𝑴𝑴



When the angular velocity 𝝎𝝎𝒓𝒓𝒓𝒓 of the perpendicular 
magnetic field 𝑩𝑩𝟏𝟏(𝑡𝑡) differs (somewhat) from Larmor
frequency 𝝎𝝎 = −𝛾𝛾𝑩𝑩:
Pulses still work as long as |𝛾𝛾𝑩𝑩𝟏𝟏| ≫|𝝎𝝎−𝝎𝝎𝒓𝒓𝒓𝒓|

Rotating frame (angular velocity 𝝎𝝎𝒓𝒓𝒓𝒓):
𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= −𝛾𝛾 𝑩𝑩 + 𝑩𝑩𝟏𝟏 × 𝝁𝝁 𝑡𝑡 − 𝝎𝝎𝒓𝒓𝒓𝒓 × 𝝁𝝁(𝑡𝑡)

= −𝛾𝛾𝑩𝑩 −𝝎𝝎𝒓𝒓𝒓𝒓 − 𝛾𝛾𝑩𝑩𝟏𝟏 × 𝝁𝝁 𝑡𝑡
𝝎𝝎 𝝎𝝎𝟏𝟏

Rotation around 𝑩𝑩 with Larmor frequency

Rotation around 𝐵𝐵1 (stationary in the rotating frame)

Correction for rotation of the rotating frame



Rotating frame (angular velocity 𝝎𝝎𝒓𝒓𝒓𝒓):

Rotation around a tilted axis
𝝎𝝎𝒆𝒆𝒓𝒓𝒓𝒓 = 𝛀𝛀 + 𝝎𝝎𝟏𝟏

𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝝎𝝎−𝝎𝝎𝒓𝒓𝒓𝒓 + 𝝎𝝎𝟏𝟏 × 𝝁𝝁 𝑡𝑡
𝜴𝜴 (offset)

x
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z
𝑩𝑩𝟎𝟎

𝝎𝝎𝟏𝟏

𝝎𝝎𝒆𝒆𝒓𝒓𝒓𝒓 = 𝛀𝛀 + 𝝎𝝎𝟏𝟏

𝜴𝜴

𝝁𝝁

When |𝝎𝝎𝟏𝟏| ≫|𝛀𝛀|
𝝎𝝎𝒆𝒆𝒓𝒓𝒓𝒓 ≈ 𝝎𝝎𝟏𝟏
Rotation around axis in a horizontal plane



Another way to look at it:
Rotating frame (angular velocity 𝝎𝝎𝒓𝒓𝒓𝒓):
𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= −𝛾𝛾 𝑩𝑩 + 𝑩𝑩𝟏𝟏 × 𝝁𝝁 𝑡𝑡 − 𝝎𝝎𝒓𝒓𝒓𝒓 × 𝝁𝝁(𝑡𝑡)

= −𝛾𝛾 𝑩𝑩 +
𝝎𝝎𝒓𝒓𝒓𝒓

𝛾𝛾
+ 𝑩𝑩𝟏𝟏 × 𝝁𝝁 𝑡𝑡

∆𝑩𝑩 (residual vertical magnetic field 
in the rotating frame)

x

y

z
𝑩𝑩𝟎𝟎

𝑩𝑩𝟏𝟏

𝑩𝑩𝒆𝒆𝒓𝒓𝒓𝒓 = ∆𝑩𝑩 + 𝑩𝑩𝟏𝟏

∆𝑩𝑩

𝝁𝝁

Rotation around 𝑩𝑩𝒆𝒆𝒓𝒓𝒓𝒓 with 
angular velocity 𝝎𝝎𝒆𝒆𝒓𝒓𝒓𝒓 = −𝛾𝛾𝑩𝑩𝒆𝒆𝒓𝒓𝒓𝒓



Rotating frame (angular velocity 𝝎𝝎𝒓𝒓𝒓𝒓):

𝑑𝑑𝝁𝝁(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝝎𝝎−𝝎𝝎𝒓𝒓𝒓𝒓 + 𝝎𝝎𝟏𝟏 × 𝝁𝝁 𝑡𝑡 = −𝛾𝛾 𝑩𝑩 +
𝝎𝝎𝒓𝒓𝒓𝒓

𝛾𝛾
+ 𝑩𝑩𝟏𝟏 × 𝝁𝝁 𝑡𝑡

𝜴𝜴 (offset)
∆𝑩𝑩 (residual vertical magnetic field 
in the rotating frame)
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𝑴𝑴
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Basic NMR experiment

Relaxation delay

90° pulse
Free induction decay (FID)

Repeat 𝑛𝑛 times (to improve signal to noise ratio)

Free induction decay (FID) - Magnetization precesses in the x-y 
plane, this induces electrical current in a coil and is detected

90° pulse - Tips magnetization into the x-y plane

Relaxation delay - Allows magnetization to return to equilibrium 
along z
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z
𝑩𝑩𝟎𝟎

𝑩𝑩𝟏𝟏

𝜔𝜔1

𝛼𝛼

Turn on 𝑩𝑩𝟏𝟏 for time 𝑡𝑡 such that 
𝛼𝛼 = 𝜔𝜔1𝑡𝑡 = | − 𝛾𝛾𝐵𝐵1|𝑡𝑡 = 𝜋𝜋

2

𝑴𝑴

Rotating frame (angular velocity 𝝎𝝎𝒓𝒓𝒓𝒓)

90° pulse

x

y

z
𝑩𝑩𝟎𝟎

𝜴𝜴

Magnetization precesses in the 
x-y plane with frequency 𝜴𝜴
(and relaxes back to equilibrium)

𝑴𝑴

Free induction decay (FID)

1 2 3
4



Description and analysis of rotations (oscillations):
Rotation with angular velocity 𝜴𝜴

x

y

𝑴𝑴

𝜴𝜴

x

y

𝑴𝑴
𝜴𝜴

𝑀𝑀𝑥𝑥

𝑀𝑀𝑦𝑦

time 𝑡𝑡

𝑀𝑀𝑥𝑥 = 𝑀𝑀0
𝑀𝑀𝑦𝑦 = 0

𝑀𝑀𝑥𝑥 = 𝑀𝑀0 cosΩ𝑡𝑡
𝑀𝑀𝑦𝑦 = 𝑀𝑀0 sinΩ𝑡𝑡

𝛼𝛼 = Ω𝑡𝑡



x

y

𝑴𝑴
𝜴𝜴

𝑀𝑀𝑥𝑥

𝑀𝑀𝑦𝑦

𝑀𝑀𝑥𝑥 = 𝑀𝑀0 cosΩ𝑡𝑡
𝑀𝑀𝑦𝑦 = 𝑀𝑀0 sinΩ𝑡𝑡

x

y

𝑴𝑴

−𝜴𝜴

𝑀𝑀𝑥𝑥

𝑀𝑀𝑦𝑦

𝑀𝑀𝑥𝑥 = 𝑀𝑀0 cos(−Ω𝑡𝑡) =𝑀𝑀0 cosΩ𝑡𝑡
𝑀𝑀𝑦𝑦 = 𝑀𝑀0 sin(−Ω𝑡𝑡) = −𝑀𝑀0 sinΩ𝑡𝑡

Need both 𝑀𝑀𝑥𝑥 and 𝑀𝑀𝑦𝑦 components to distinguish the 
direction (sign) of rotation



𝑀𝑀𝑥𝑥 and 𝑀𝑀𝑦𝑦 components formally treated like real and 
imaginary components of a complex number:

x

y

𝑴𝑴
𝜴𝜴

𝑀𝑀𝑥𝑥

𝑀𝑀𝑦𝑦

𝛼𝛼 = Ω𝑡𝑡

𝑀𝑀 = 𝑀𝑀𝑥𝑥 + 𝑖𝑖𝑀𝑀𝑦𝑦 = 𝑀𝑀0 cosΩ𝑡𝑡 + 𝑖𝑖𝑀𝑀0 sinΩ𝑡𝑡

𝑀𝑀 = 𝑀𝑀0 (cosΩ𝑡𝑡 + 𝑖𝑖 sinΩ𝑡𝑡) =𝑀𝑀0𝑒𝑒𝑖𝑖Ω𝑡𝑡



Return to equilibrium: relaxation
• Longitudinal (spin-lattice) relaxation

𝑀𝑀𝑧𝑧

𝑀𝑀𝑧𝑧 = 𝑀𝑀0(1 − 𝑒𝑒−𝑅𝑅1𝑡𝑡) = 𝑀𝑀0(1 − 𝑒𝑒−
𝑡𝑡
𝑇𝑇1)

𝑀𝑀0

0
𝑡𝑡



Return to equilibrium: relaxation
• Transverse (spin-spin) relaxation:

𝑀𝑀𝑥𝑥𝑦𝑦 = 𝑀𝑀0𝑒𝑒−𝑅𝑅2𝑡𝑡𝑒𝑒𝑖𝑖Ω𝑡𝑡 = 𝑀𝑀0𝑒𝑒
− 𝑡𝑡
𝑇𝑇2 𝑒𝑒𝑖𝑖Ω𝑡𝑡

𝑀𝑀𝑥𝑥

https://en.wikipedia.org/wiki/Relaxation_(NMR)

𝑡𝑡
0

https://en.wikipedia.org/wiki/Relaxation_(NMR)


Fourier transform   S ω = ∫−∞
∞ 𝑠𝑠(𝑡𝑡)𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡 𝑑𝑑𝑡𝑡

Oscillation 𝑠𝑠 𝑡𝑡 = 𝑀𝑀0𝑒𝑒−𝑅𝑅2𝑡𝑡𝑒𝑒𝑖𝑖Ω0𝑡𝑡

𝑆𝑆 𝜔𝜔 = �
0

∞

𝑀𝑀0𝑒𝑒−𝑅𝑅2𝑡𝑡𝑒𝑒𝑖𝑖Ω0𝑡𝑡 𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡 𝑑𝑑𝑡𝑡

Converting oscillating signal to a frequency spectrum

𝑖𝑖(Ω0−𝜔𝜔 − 𝑅𝑅2]𝑡𝑡 = y
𝑖𝑖(Ω0−𝜔𝜔 − 𝑅𝑅2]𝑑𝑑𝑡𝑡 = dy

= 𝑀𝑀0
𝑖𝑖(Ω0−𝑖𝑖)−𝑅𝑅2

�𝑒𝑒𝑦𝑦𝑑𝑑𝑑𝑑 = 𝑀𝑀0
𝑖𝑖(Ω0−𝑖𝑖)−𝑅𝑅2

[𝑒𝑒𝑖𝑖 Ω0−𝑖𝑖 𝑡𝑡𝑒𝑒−𝑅𝑅2𝑡𝑡]𝑡𝑡=0∞

= �
0

∞

𝑀𝑀0𝑒𝑒[𝑖𝑖 Ω0−𝑖𝑖 −𝑅𝑅2]𝑡𝑡 𝑑𝑑𝑡𝑡 = �𝑀𝑀0𝑒𝑒𝑦𝑦 𝑑𝑑𝑦𝑦
𝑖𝑖 Ω0−𝑖𝑖 −𝑅𝑅2

�𝑒𝑒𝑦𝑦𝑑𝑑𝑑𝑑 = 𝑒𝑒𝑦𝑦 + 𝐶𝐶

(0-1)



𝑆𝑆 𝜔𝜔 = −𝑀𝑀0
𝑖𝑖 Ω0−𝑖𝑖 −𝑅𝑅2

= −𝑀𝑀0
𝑖𝑖 Ω0−𝑖𝑖 −𝑅𝑅2

−𝑖𝑖 Ω0−𝑖𝑖 −𝑅𝑅2
−𝑖𝑖 Ω0−𝑖𝑖 −𝑅𝑅2

𝐵𝐵 + 𝐴𝐴 −𝐵𝐵 + 𝐴𝐴 = −𝐵𝐵2 + 𝐴𝐴2

= 𝑀𝑀0
𝑖𝑖 Ω0−𝑖𝑖 +𝑅𝑅2
Ω0−𝑖𝑖 2+𝑅𝑅22

= 𝑀𝑀0[ 𝑅𝑅2
Ω0−𝑖𝑖 2+𝑅𝑅22

+ 𝑖𝑖 Ω0−𝑖𝑖
Ω0−𝑖𝑖 2+𝑅𝑅22

]

𝐴𝐴 𝜔𝜔
Absorption

𝐷𝐷(𝜔𝜔)
Dispersion

Lorentzian line shape

𝜔𝜔Ω0

∆𝜔𝜔 = 2𝑅𝑅2
(∆𝜈𝜈 = 𝑅𝑅2

𝜋𝜋 )

Full width at half height
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